We propose a geometrical treatment of symmetries in non-local field theories, where the nonlocality is due to a lack of identification of field arguments in the action. We show that the existence of a symmetry of the action leads to a generalised conservation law, in which the usual conserved current acquires an additional non-local correction term, obtaining a generalisation of the standard Noether theorem. We illustrate the general formalism by discussing the specific physical example of complex scalar field theory of the type describing the hydrodynamic approximation of Bose-Einstein condensates. We expect our analysis and results to be of particular interest for the group field theory formulation of quantum gravity.
I. INTRODUCTION
The notion of symmetry is at the very foundation of our description of physical systems, in particular classical and quantum field theories. Symmetries characterise their physical content and interpretation. Their particle content is defined in terms of representations of the Poincaré group, and their classical and quantum dynamics is characterised e.g. by restrictions on the allowed field interactions. Symmetries are also one of the main tools to characterise their macroscopic properties, since different macroscopic phases of a given physical system are often efficiently characterised by symmetries and their (spontaneous) breaking. In fact, conservation laws following from symmetries may encode basically the whole dynamical content of many macroscopic systems, hydrodynamics being the obvious example. The corresponding universality class is largely independent of the microscopic details of the system, while the corresponding conserved charges identify key physical quantities. In local (quantum) field theories the connection between symmetries of the action and physically measurable quantities like conserved currents and charges is very well understood. This relation is given by the Noether theorem [1] , that allows to identify and compute the conserved quantities and corresponding symmetry transformations.
The other main ingredient in our description of physical systems is indeed the notion of locality, which again largely dictates the structure of fundamental interactions and it is, both historically and conceptually, at the root of the very notion of fields.
Still, the necessity to go beyond the framework of local field theories has been voiced in several contexts. Non-local field theories are routinely used in condensed matter theory and many-body quantum theory, in the hydrodynamic approximation, e.g. in the theory of Bose-Einstein condensates [2, 3] and even in relativistic theories [4, 5] . In this context, the field theory fails to be local in that the typical interaction term depends on more than a single spacetime point, i.e. the fields interact at a distance. Formally, this implies that the Lagrangian of the theory has a domain given by a direct product of several copies of the (spacetime) manifold, on which fields are defined. However, the consequences of this non-local structure are rarely investigated in detail, mainly because such field theories are understood as the non-relativistic approximation of truly local field theories, and thus their non-local features are not considered of any fundamental significance.
More radical in scope are the proposals 1 for non-local field theory descriptions of cosmological phenomena (see for example [11] [12] [13] ) and of semi-classical black hole physics (see for example [14] [15] [16] ). In all these cases the breakdown of strict locality, even in spacetime-based physics, is not understood as an artifact of the approximation used, but rather as the signal of an even more drastic departure from the local description of fundamental interactions at a deeper level of reality [17] . And locality is indeed the main feature of standard spacetime physics that is affected by effective models of quantum gravity, which suggest a basis for quantum gravity phenomenology. Deformations of spacetime symmetries [18, 19] and/or ideas from non-commutative geometry [20, 21] are just few examples with fundamental non localities. In fact, several hints are accumulating that a more fundamental description of quantum gravity will imply a breakdown of the very notion of spacetime and its 'dissolution' at microscopic scales, only to emerge in a suitable continuum and semiclassical approximation from the collective dynamics of more fundamental, non-spatiotemporal degrees of freedom (see the discussion in [22] [23] [24] [25] , and references therein). The more fundamental quantum gravity description, in this perspective, will not be spacetime-based, by definition, and thus will not be 'local' in any usual sense. In itself this does not imply that a field theory framework cannot be devised for describing the fundamental degrees of freedom, even though it requires a more abstract type of field theories which obviously are not defined on a spacetime manifold. This more general class of field theories have been developed and go under the name of 'group field theories' [26] [27] [28] [29] [30] .
Group field theories are quantum field theories defined on a group manifold, not to be identified with spacetime, but rather defining the dynamics of 'quanta of spacetime'. This formalism lies at the point of convergence of several quantum gravity approaches, being understood both as a second quantised reformulation of loop quantum gravity [31] [32] [33] [34] [35] and as a generalisation and enrichment of tensor models [36, 37] and simplicial gravity. Not being defined on spacetime, the standard type of locality has no reason to be invoked for these field theories. Indeed group field theories are non-local with respect to the group manifold that represents the domain of the fundamental fields. In fact, a peculiar non-local pairing of field arguments entering their interactions is a key characterising feature of the formalism. Moreover, a similar type of non-locality is present in a different type of field theories which lead to non-linear extensions of quantum cosmology [38] , where the wave function interacts with itself non-locally on minisuperspace. The similarity is not entirely mysterious, given that the latter type of effective cosmological dynamics emerges from group field theories as the hydrodynamic approximation of the quantum dynamics of condensate states [39] [40] [41] [42] [43] [44] [45] , and in a way which is completely analogous to what happens in real Bose-Einstein condensates. This type of quantum gravity models are our main motivation for considering the issue of symmetries and conservation laws in non-local field theories.
The issue is wide open. Indeed, in non-local field theories the standard Noether theorem fails and a general relation between symmetries and conservation laws is not known. For flat base manifolds and a special kind of non-local systems the connection between symmetries and conservation laws can be established [5, [46] [47] [48] [49] . But a general treatment of the problem is lacking. And in the context of group field theories, a first, partial analysis was presented in [50] .
Our goal, in this paper, is to provide a solid and general analysis of the connection between symmetries and conservation laws in non-local field theories, where the non-locality amounts to a lack of simple identification of field arguments in the Lagrangian.
We use differential geometrical language, in which the Lagrangian is seen as a function on many copies of a single first jet bundle, but the geometry of the base manifold of a single bundle is left unspecified [51] . This allows for a very general approach to the problem and leads to a result that can be applied to any non-local theory on curved space time in which the Lagrangian depends on first derivatives of the fields at most. This includes a large class of field theories used in condensed matter systems, and our motivating quantum gravity models, that is group field theories.
We derive the connection between symmetries and conserved quantities for non-local theories and obtain a Noetherlike conservation law augmented by a 'correction term' that results from the presence of non-locality. The resulting continuity equation is our main result and is what we call the 'generalised conservation law'. The result is rigorous and very general, for the class of theories it applies to but also because it concerns any continuous symmetry. Of course its main interest lies in the application to specific physical examples. In order to clarify and illustrate in detail our formalism, we present an explicit application of our result to the case of a field theory with 2-body interaction, as the one describing, say, the hydrodynamics of a Bose-Einstein condensate in the Gross-Pitaevskii approximation. We derive the generalised conservation laws, and show that the correction term admits an intuitive physical interpretation. The detailed application of our results to group field theories, on the other hand, will be presented elsewhere.
Our paper is structured as follows. An introduction of notation, conventions and the geometrical space that we use throughout the paper is presented in section (II). In section (III) we provide the definition of the type of non-local action we are concerned with, followed by the equations of motion and definition of symmetry transformations. We derive our main result, that is the generalised conservation law, in section (IV). An application of our analysis to an explicit non-local field theory is presented in section (V). In the last section we briefly review the derivation of Ward identities in the functional integral formalism, and show the quantum counterpart of our main result.
II. NOTATION, CONVENTIONS AND BASIC DEFINITIONS
In this section we introduce the notation, conventions and the main definitions of the geometrical space defining the framework for our analysis. In the concluding section of the paper, we will detail an explicit example of a non-local field theory analyzed with the methods developed in the bulk of the paper. We refer to the same example for further clarification of our notation and definitions.
A. Vector and jet bundles A vector bundle π : E → M with the projection π, the total space E, the fiber V and the base manifold M is denoted simply with E. We also assume that the base manifold M is orientable and is equipped with a (semi-)Riemannian metric. The covariant derivative is denoted with D and the subscript D q denote the point at which the derivative is taken.
Capital greek letters will denote sections on E. In a local trivialization U ⊂ M , the section is given by Φ = {q, φ (q) |q ∈ U }. The correspondent functions φ : M → V are called fields on E and are denoted with the correspondent lower case greek letter. The space of smooth fields on E is denoted by Γ (E). Additional restrictions on these sets, such as local fields around q ∈ M , fields local in U ⊂ M and compactly supported fields in U ⊂ M , are denoted by Γ p (E) , Γ U (E) and Γ U,C (E), respectively.
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The first jet bundle on E is denoted Jb (E) 3 . Its fiber at point q ∈ M is called the jet space
Sections on Jb (E) are denoted by j (Φ) with correspondent fields j (φ) ≃ Dφ and are called prolonged section and fields, respectively. In a local trivialization,
B. Geometrical construction
The base manifold of E is the domain of the Lagrangian, itself a functional of our physical fields. In local field theories it coincides with the domain of the fields (and of their derivatives). For example, in non-relativistic, Newtonian physics, and for a local field theory, the base manifold is a product of time and space as M = R × R 3 . In a more general situation (e.g. non-spacetime based theories like in group field theories), it can be a product of
In theories corresponding to this more general situation, it is possible that the action and the Lagrangian are local on some sub-manifolds M i and non-local on the rest. Here by locality we mean that the arguments of the different fields (and their derivatives) appearing in the Lagrangian, are identified with one another when they refer to such sub-manifolds M
i . An example of this situation is given again by non-relativistic field theories as used in condensed matter theory, where usually the fields appearing in the action differ by their spatial domain but are evaluated at the same time. We call this distribution of non-localities the combinatorial structure, and say that a theory is trivially non-local if its Lagrangian depends on N fully distinct points. Local theories, in our setting, are those such that the fields appearing in the Lagrangian have all their arguments identified, thus effectively the Lagrangian depends on a single component M .
The underling jet bundle of a theory with trivial combinatorics is a product of N jet bundles over E. It is again a vector bundle E P ≃ E ×N with the base manifold M P ≃ M ×N the fiber V P ≃ V ⊕N . The jet space at each 2 Even in local field theories it is well known, that solutions to variational problems might not be differentiable in general. In non local field theories the situations is even more complicated. In this paper we focus on the general procedure instead of treating the problem of existents of solutions. For this reason we are not distinguishing between smooth and n times differentiable fields. 3 For the convenience of the reader we briefly recall the notion of the jet bundle. A first order jet bundle (Jb (E) , π j , M ) over a vector bundle E is a vector bundle which fibers are called jet spaces J. Let ∼ denote an equivalence relation on local sections of E where two local sections Φ, Ψ ∈ Γp (E) are called equivalent Φ ∼ Ψ if
The first order jet space at p is a vector space of equivalence classes Jp = [φ] p |φ ∈ Γp (E) . And an element of Jp can therefore be locally understood as a triple
For this reason the jet space can be written as a set Jq = {(φ (p) , Dpφ) |φ ∈ Γp (E)}. The bundle projection π j : Jb (E) → M is then given by π j ((φ (p) , Dpφ)) = p. The first order jet space Jp can be seen as a generalization of the tangent space, where the equivalence class of curves is replaced by the equivalence class of sections in E. In our paper we often refer to the component Dpφ already as the jet space component to distinguish it from the fiber element φ (p).
point is a direct sum of jet spaces in the same way as it is the fibers V P . That is for each
For a theory with non trivial combinatorial structure the underling base manifold M is a submanifold of M ×N . To be able to study this case, we assume that M can be isometrically embedded in M ×N by an embedding f that consists of a combination of the following three maps: The identity
and the permutation map
For example for the mentioned class of theories, which are local in time and non-local in space, we get the embedding map f :
The space M is therefore connected to M P by the embedding f . We define our vector bundle E for the general case as the pull-back vector bundle of E ×N . That is,
The jet space at each point
where D denotes the covariant derivative on M given by the pull back of D ×N and q i = pr i (f (q)). In cases where we need to use charts we denote the dimension of the base manifold and the fiber dim
The canonical volume form on M is denoted vol. In local coordinates it has the usual expression vol = |g|dx 1 ∧ · · · dx I . The volume form on M is denoted by Vol = f * vol ×N . We will also sometimes sloppy denote vol q (Volq) to underline that the integration is (is not) performed over the manifold whose points we label q. For example for trivial f 4 and an arbitrary, suitably integrable function h we can choose local coordinates x i n , with i ∈ {1, · · · d M }, n ∈ {1, · · · N }, of the manifold M, and use our notation to define the following integralŝ
Denoting the domain of the field φ i by D i (which is a sub manifold of M) we will use the above notation and writê
for integrals over the sub-manifold M/D i . To simplify the notation we will symbolically use the notation of the delta δ i (q) under the integral referring to the following identitŷ
the dependence of h on the domain D i is hereby set to a fixed point q ∈ D i . We will derive functions with respect to a parameter ǫ. In this case we always assume that the derivative is taken at the point ǫ = 0 and don't write it explicitly to simplify readability. In the single case where the derivative is not assumed to be at the point zero we will explicitly denote it.
C. Fiber derivatives
It will be very useful to use notation that allows to avoid indices and still suggests contractions of vector fields in the natural way. In short, we treat derivatives as 1-forms on the appropriate space. This allows us to write contractions as dual pairings without referring to the index notation, improving readability.
Treating the Lagrangian L as a function on three spaces -the base manifold, the fiber and the jet -we introduce the common notions of derivatives on each of these spaces.
Assuming that the points of the fiber V and the jet J are given by a smooth field φ ∈ Γ (E) we can treat the Lagrangian as a function L : M → R. Its derivative at a point q ∈ M is then a function
In other words it is a one form on the tangent bundle T M.
On the other hand fixing the base point q ∈ M we can treat the Lagrangian as a function L :
The derivative of L in the fiber V is denoted by
It is seen as a 1-form on T Φ(q) E q ≃ E q . We will often abandon labelling the base point and write D V L φ for φ ∈ Γ (E),
and with
It follows directly from the above coordinate representation that the fiber derivative splits in a natural way into contractions on each E as
The derivative of L in the jet J is denoted by
again with T j(Φ) J q ≃ J q . It is a function on the differentials of fields D q φ. The later, however, are linear functions on T q M which are isomorphic to sections of the product bundle
sections of E * ⊗ T M. We mean exactly this natural contraction when we write D J L D q φ . In coordinates, we can explicitly write
This contraction splits in the same way as above in
It will be useful to integrate by parts the above relation to get
where the trace is understood as the contraction of the 1-form coming from D with the vector part
In local coordinates the trace becomes
which is the covariant definition of divergence. We write
Note that also the right-hand-side has a natural splitting into fibers as
where we denote div D i the divergence on the single domain of φ i . As we can see the fiber derivatives split in a natural way into a sum indexed by the field index j ∈ {1, · · · , N }. However, notice that the divergence of a general vector field X ∈ T M does not split in the above way.
To conclude the section we present a short table ((I)) of symbols that we use throughout the paper.
Single vector bundle Pull back bundle 
III. SYMMETRIES AND CONTINUITY EQUATIONS FOR NON-LOCAL ACTIONS
In this section we give the definition of the non-local field theories, described by non-local action functionals, that we consider in this paper. Loosely speaking, we call non-local an action functional that is defined by a Lagrangian, which depends on N copies of a jet bundle. Theories described by this kind of actions often appear when the physical system consists of many particles, their interaction can not be neglected and is not of contact type, in the classical limit. They appear in various branches of physics such as hydrodynamics, condensed matter and solid state physics. In fact, an example of non-local theories of the above type is given by effective theories, which arise when one disregards some microscopic degrees of freedom to obtain a theory of fewer variables. The price to pay is often the emergence of non-locality of the type we study. The most prominent examples of this type are models with Coulomb interaction, which are effective theories of an underlying local (and relativistic) electrodynamics. They also appear in some models of quantum gravity, although of course the physical interpretation is very different. We also point out, that although non local theories often arise from coarse graining of microscopic local theories, it is (to our knowledge) still unknown if any non-local theory admits an underlying, physically adequate, local description.
We begin with the definition of a non-local geometrical Lagrangian and action, as the most natural extension of the usual local ones [51, 52] . From them, we obtain what we call the physical non-local Lagrangians. In the following two subsections we then apply the variational principle and the theory of Lie groups to obtain the equations of motions and local symmetry statements.
A. The non local action
In this subsection we introduces the various definitions for the non-local geometrical and physical actions. We will make a distinction between geometrical and physical quantities with an superscript G or P respectively. The motivation for this separation will become apparent at the end of this section. We begin with the definition of non local geometrical Lagrangian.
J with respect to our definitions of fiber derivatives in the previous section.
Recall that the fiber V is isomorphic to the direct sum of N fibers V . We call N the degree of non locality, with N = 1 defining a local theory. Just as in the local case we can define the non-local geometrical action by integrating the Lagrangian over a region of the base manifold.
Since a field at each point E has a direct sum structure φ (q) = φ 1 , · · · , φ N (f (q)) the above action corresponds to a situation where the fields cary labels, which makes them distinguishable. In this case different fields are evaluated at different points. Such theories are sometimes called colored. However, in our analysis we are mainly interested in non-local physical systems with a single field.
To define the Lagrangian on a single field we use the diagonal map
which can be seen as an embedding of Γ (E) into the larger space Γ (E). We will sometimes write ı N (φ) = N i φ ⊗ e i with the standard basis {e i } in R N . Finally we define the non local physical Lagrangian as follows.
Definition 3. Let L G be a geometrical Lagrangian on J b (E) and ı N be the diagonal embedding map. The corresponding non-local physical Lagrangian
It is the physical Lagrangian which has a more straightforward physical interpretation (hence the chosen name), even though the geometrical interpretation is much clearer by the geometrical Lagrangian. Because of this, we will first reformulate the physical conditions such as equations of motion in terms of the geometrical Lagrangian and use then the well established theory of Lie groups to obtain local symmetry conditions. First, we introduce the non-local physical action, whose variation will lead to the equations of motion.
Using the definition of the physical Lagrangian and the geometrical action we see the connection between the physical and geometrical quantities
In this formulation we can state that the main formal reason for the failure of the standard Noether theorem in the non-local case is the difference between the physical and geometrical action, as we will see shortly. Notice that, indeed, in the local case (N = 1) the inclusion map ı N is the identity, which also clarifies why the connection of geometrical symmetries and physical equations of motion is natural. In the non-local case, on the other hand, we will be facing a problem in connecting the equations of motion to the symmetry properties of the geometrical functional.
In the next section we present the equations of motion in terms of the geometrical action and Lagrangian.
B. Non local equations of motion
In this section we apply the variational principle to the non-local physical action S P and obtain the (semi-local) equations of motion. Lemma 1. Let ϕ ǫ ∈ Γ (E) be a family of smooth fields, differentiable in the parameter ǫ. The diagonal inclusion map ı N commutes with the partial derivative in ǫ in the following sense,
Proof. By direct computation we obtain
Let ϕ ∈ Γ U,C (E) be an arbitrary, compactly supported, smooth field in U and let
By lemma (1) we get
And by partial integration we obtain
The right-hand-side defines the Euler-Lagrange equations by the extremality condition
We define the Euler 1-form
(not to be confused with the vector bundle E ), and write
In the following we will abandon the label for the base point as well as the notation of the integral domain Ω and simply write dS (ϕ) =´Ω E • ı N (ϕ). This equation gives rise to semi local equations of motion by the fundamental lemma of variations, that we state below for convenience (for further references see for example [53] ).
Lemma 2 (Fundamental lemma of variation). Let f be a continuous, real-valued function on some region U ⊂ R m , and suppose thatˆU
for all x ∈ U .
A corollary of this lemma provides the semi-local equations of motion.
Corollary 1. Let E be a one form on E. Then we can locally write
with continues functions f i,j on Ω × V, one forms v j on V and dual vectors e i given by e i (e j ) = δ i,j for the standard basis
where the domain over which the integration is not performed is set to q.
Proof. Applying the definitions we get
By assumption, the functions f j := n i=1´U ×N −1 f i,j Vol are continuous on U . Since ϕ j are independent for different j the statement follows from the fundamental lemma.
The semi-local equations of motion become
with the 1-forms
Here the point q ∈ M is subsequently identified with each domain D i on which the integration is not performed. Notice that these equations are local in q ∈ M but also depend on the value of the field at other points on U (which follows from the non-local nature of the action). For this reason we call them 'semi-local'.
For the sake of readability we will write
using the delta notation introduced earlier. Note that due to the above description EL is a 1-form on the fiber of E, or equivalently on vertical vector fields. In the local case N = 1 which implies ı N = id and Ω = U , the sum vanishes and we obtain the local equations of motion
Let us conclude this section with a couple of additional remarks.
• The domain of integration for the physical action is chosen to be f −1 U ×N . This is important since the case with a general Ω ⊂ M generates additional technical problems, which we do not address here. The solution space of the theory gets additional restrictions on the boundaries of each Ω. In a simple case f = 1 and for
N the variation of the action has to happen in the direction of smooth fields η that are compactly supported on all U i in Ω. That implies that η has to vanish on at least N open sets inside U N . This condition would affect the subsequent analysis.
• In a non-local theory as we have defined it, adding to the Lagrangian the total divergence on M of a suitable tuple function P can change the equations of motion and therefore lead to a non-equivalent Lagrangian. This can be easily seen for the case f = 1. Due to Stokes' theorem, the action will get an additional term which depends only on the boundary of Ω = U ×N . However, the variation is not assumed to vanish on the boundary of Ω but just on the boundary of U . The boundary of Ω is instead proportional to ∂U ×N ≃ ∂U × U N −1 , while the test field η is vanishing only on ∂U , and therefore the added function P is affected by the variation. This feature, which may lead to complications, distinguishes in general the non-local case from the local one.
C. Symmetry of the non local action
In this section we define the notion of a symmetry for the non-local geometrical action. This notion is global, meaning that it is a statement about integral quantities. However, we show that this notion is equivalent to a fully local condition in exactly the same way as it is in the local case.
A vector field X ∈ T E induces an action of a one parameter group G on E by translating the points on E along the flow c ǫ of X. The vector field X is then homomorphic to the Lie algebra g of the group G and is called the infinitesimal generator of the group action. Specifically, let · denote the action of the group G on E. Then for a group element g ǫ = exp (ǫv) with v ∈ g and Φ (q) a point on E the corresponding vector field is
where c ǫ denotes the flow of X on E. By the bundle projection π E we can split every vector field X as X = X M + X V where X M = dπ E (X) and X V = X − X M . At each point the vector field X M is tangent to the base manifold and X V is parallel to the fiber. We call the corresponding flows c Mǫ and c Vǫ , respectively. At every point we get
Integrating from 0 to ǫ and using c 0 = c M0 = c V0 = 1 we get locally
Notice that c Mǫ : E → M and c Eǫ : E → V. However, fixing a section Φ allows us to view the transformation maps as
Therefore, locally for any Φ (q) = q, φ (q) and any fixed φ ∈ Γ (E) the group action can be split as
Calling the new points c Mǫ (q) = q ǫ and the transformed fields as
Mǫ we obtain the transformation of the section as
The transformation of φ induce a transformation of the prolonged fields j φ , which we call c Jǫ , given by
We note that the section Φ ǫ can be treated as a graph on the transformed manifold as in Eq. (45) or equivalently as a function on the non-transformed base manifold as
The section of the jet bundle becomes
The variation of the action along X is then given by
It turns out to be very convenient to define the characteristic vector field of X as
and call the coefficient of X Q the characteristic Q of X. Notice that X Q is parallel to the fiber, since
Definition 5. A local group G acting on E is called a symmetry group of the non-local action S Ω , if a transformation c ∈ G, written in local trivialization as (c M , c V ), satisfies
We now adopt the well known theorem that connects the symmetry transformation to a local change of the Lagrangian. The mere difference of the local case to our situation is that the vector bundle in the local case is a single E whereas in our case it is E. It is therefore obvious that geometrically these two cases are not different which is why the theorem carries over one to one. Nevertheless, we present the theorem as well as its proof for the convince of the reader to adopt it to our notation. The proof below follows closely the proof in [51] and partially in [52] .
Theorem 1. A connected one-parameter group G of transformations acting on E is a symmetry group of the action S if and only if
where X is the infinitesimal generator of the group.
Proof. If c ǫ = (c Mǫ , c Vǫ ) is a symmetry transformation then
and by definition of the non-local action we get
for allΩ ⊂ Ω. This implies the local statement
On a manifold with a volume element the divergence can be written as
With this definition and the chain rule we obtain equation (53) . Conversely, if equation (53) is satisfied everywhere then the following is also true
where the equation in the brackets is to be taken at the point Φ ǫ for a small but finite ǫ. Then the equation (58) is a differential of the equation (56) which we can write as
which leads to
Integrating this equation from 0 to ǫ and using the fact that the c 0 = 1, we get
for a transformation c ǫ sufficiently near the identity. However, since every connected one-dimensional subgroup is generated by a transformation of the form c ǫ = exp (ǫX) the above statement holds everywhere, which concludes the proof.
For local theories the corollary of the above theorem is known as the Noether theorem [1, 52] . In our case, however, it is valued on the product bundle E and it will now become apparent that the Noether theorem fails.
Corollary 2. Let X be a vector field on E with characteristic X Q and projection on the base manifold X M . Then X induces a symmetry transformation iff
With the Euler one form defined as above,
Proof. From theorem (1), X is a symmetry iff
By partial integration as described in section II C we obtain
In the local case the Euler one form coincides with the equations of motion Eq. (39), i.e. E = EL and equation (62) becomes the well known Noether identity,
In the non local case, however, we have E = EL, which makes it difficult to connect it to physically relevant quantities and leads to the violation of the Noether theorem. In general, equation (38) and (62) are very different, since the first one applies only on diagonal vector fields, whereas the second is true for a generic symmetry vector field on T E, which in general does not even split into a direct sum of vector fields on separate vector bundles [54] . Such general vector fields, however, would correspond to non-local physical transformations where a shift of a field at a point x depends on the field value at the point y. Only little is known about such vector fields and the corresponding symmetry transformations, and their relation to physics (in terms both of applicability and of meaning) is not clear. In the following we will therefore restrict ourselves to the case of diagonal symmetries, and present the relation between equations of motion and the symmetry condition in such cases. As we will see, even in the case of diagonal vector fields this relation is not trivial.
An additional remark is in order. Due to the mentioned problem of non-equivalent Lagrangians that differ by a total divergence on M, the extension of the geometrical symmetry group to divergence symmetries can not be carried over from the local theory of variational problems. This extension is very important for a complete characterization of (local) symmetries of non-local actions, but goes beyond the scope of this paper (for further references see [52] ).
IV. GENERALISED CONSERVATION LAW
From the above treatment we see that, contrary to the local case, the equations of motion do not directly appear in the equation encoding the existence of a symmetry. This makes it difficult to combine these two in order to obtain physical conservation laws. In this section we introduce a possible connection of the two equations.
After briefly recalling the definition of the Fréchet derivative we show that it provides a natural connection between symmetries and equations of motion. This leads us to the generalization of the usual conservation law, which we state in theorem (2) .
For the convenience of the reader we recall here the equations of motion and the symmetry equation, which we are going to combine in what follows
We begin recalling the definition of the Fréchet derivative adopting the notation from [52] . We denote a set of smooth functions that depend on the base points, fields and their derivatives to some finite order by A, and further denote a space of l-tuples of differentiable functions by A l , that is functions P = P 1 , · · · , P l where each P i ∈ A. The Fréchet derivative is defined as follows.
Definition 6. Let P ∈ A l and Q ∈ A m then the Fréchet derivative of P in the direction Q is a differential operator
We can now prove the following theorem.
Theorem 2. X is a symmetry vector field of the non local action S with the characteristic Q if and only if
for all α ∈ {1, · · · , n}, with A being a n-tuple
and B ∈ T M as
Before proving this theorem we first show the following trivial identity.
Lemma 3. The symmetry condition from the corollary (2) reads in terms of Fréchet derivatives of the Lagrangian as
where X is the diagonal symmetry vector field, Q i the characteristic function of each individual component.
Proof. Let Q denote the characteristic function of the symmetry vector field X. The Fréchet derivative of the Lagrangian in the direction of Q is
Corollary (2) implies
On the other hand, since the symmetry vector field is diagonal, we know that its characteristic vector field can be fibered as X Q = X 
Each D L Q i is of the above form, namely
Inserting Eq. (74) in (73) proves the lemma.
We can now prove the main theorem.
Proof. Convoluting equation (75) with
Due to Eq. (143)(19) the only non vanishing divergence is on the subspace D i ⊂ M on which the integrand is convoluted with δ i (z) for z ∈ M B . We therefore get
The second term of equation (76) (76) for all i's we obtain
By lemma (3) we replace the left hand side by
where the term (68) holds then essentially following the previous steps backwards we arrive at
where Φ 
Since Eq. (68) holds for all α we get, for c ǫ close to the identity,
The usual group argument concludes the proof.
We define
and refer to it as to the non-local correction term (to the standard local conservation law). Theorem (2) states that the correction term is a divergence up to boundary terms
Action with multiple kernels So far we have discussed the case in which the action is given by a single non-local Lagrangian. The usual action of non-local field theories is the combination of two or more terms with different type and combinatorics of non-localities. For instance the kinetic part is typically assumed to be local, whereas the interaction part can have non-localities and the various interaction terms have different types of them. As an example consider again a non-relativistic field theory of some atomic system, characterized by both a 2-body and a 3-body electromagnetic interaction with a Coulomb potential.
We can treat these cases by generalizing slightly our definition of the non-local action.
Definition 7. A non-local physical action with multiple kernels S mult [φ] is a functional on Γ (E), given by M geometrical actions S G l , each of which is defined on the product bundle
It is a straightforward calculation to check that the equations of motion are now given by
where EL l is the Euler Lagrange form for the lth Lagrangian.
For the treatment of symmetries we again focus on the geometrical side, which is now the sum of individual functionals, each of which involve different domains of integration. It becomes difficult to formulate the most general geometrical transformation, since the tangent space on E l is different from E m if l = m. However, we can make sense of a symmetry transformation, if we again restrict ourselves only to diagonal vector fields, X l = (X, · · · , X) with X ∈ T E. In this case we get Lemma 4. X ∈ T E is a symmetry vector field of 
Each action contains an independent domain of integration. Since we defined the symmetry as a transformation that does not change the action for all subdomains, each term has to vanish separately. This can be seen in the following way. For i ∈ {1, · · · , M} the variation of the ith action has to satisfy
Fixing Ω l =i , we get
Choosing Ω ′′ ⊂ Ω ′ ⊂ Ω i and using the definition of the action we get
which determines the constant. Applying the same reasoning for the remaining part M l =i dS Ω l X l = 0 proves one direction of the lemma. The opposite direction is trivial.
For each action we get a symmetry equation of the form,
The explicit form of A i.l , B l and ∆ α,l is given in the following theorem. Summing over l we obtain the generalised conservation laws for the multiple action which leads us to our final result. 
be the symmetry of the lth geometrical action. The generalised conservation law for this symmetry takes the form
with A i,l being
and the non-local correction term
For physical reasons we separate a special case as a corollary.
Corollary 3. Let the non-local physical action be composed of a local and a single non-local part, which we call the interaction. And let X loc and X nloc = X loc×N be the symmetries of the local and the non-local geometrical action, respectively. The corresponding generalised conservation law reads
with A, B and ∆ as above.
One sees that in this case the non-local correction originates only from the non-local interaction term. We will explicitly apply this result in the next section.
On conserved charges
In local field theories in which the base manifold is associated with space-time itself, one can integrate the conservation law over the spatial degrees of freedom. The resulting quantity is then a function of time only, the 'charge'. It is a consequence of the local conservation law that the charge is conserved, meaning that its time derivative vanishes. In the Hamiltonian language charges become the generators of the symmetry transformation, and might completely determine the dynamics of the system.
In more abstract field theories, such as group field theories, where the base manifold has no a priori relation to space-time, the notion of 'conserved' charges has no obvious counterpart. Nevertheless, in models in which the combinatorial structure of non-localities is such that the theory is local in one of the parameters (for example as it is the case for the time submanifold in non-relativistic field theories) the integral over the correction term ∆ vanishes, as it can be easily verified, and the corresponding generalised charge will be conserved with respect to the local parameter. However, in this generalized sense it is not clear if the charge will correspond to the canonical structure of the theory, since due to the absence of time the canonical structure is not well defined.
The analysis of such generalised notion of conserved charges needs to be carried out in greater detail than we are doing here, as it has important consequences. In space-time-based non-local field theories the notion of charges can help to define the Hamiltonian structure in the absence of a unique notion of time [5] , but it may also simplify the equations of motion by reducing the degree of differential operators, as it does in local theories (see [52] for local examples).
In more abstract field theories the notion of charges will in general be very different from ordinary field theory due to the lack of direct physical interpretation of the background manifold. However, it can lead to useful insights both from the fundamental as well as from the computational point of view. Figure 1 : Bundle structure. Left hand side is the bundle with trivial combinatorics. The right hand side denote the combinatorics of the pull back bundle with the embedding map f as in Eq. (4). Lower case letters denote the coordinate names.
V. PHYSICAL EXAMPLES
We now apply our results to a non-local model of a complex scalar field with a non-local two-body interaction. Such model often appears in many-body quantum systems such as hydrodynamics, the theory of Bose-Einstein condensates or solid state physics. In this section we first introduce the action and the geometrical space according to our definitions. We then consider two physical symmetries and calculate the corresponding currents, together with their generalised conservation laws. Subsequently we show that for a particular choice of the interaction, the action can be rewritten as a local action, for which the usual Noether theorem holds. We conclude the section by comparing the currents of the local and non-local theories explicitly showing the appearance of the non-local correction term.
Our main purpose here is not to analyze the corresponding physics or explore the physical consequences of symmetries and their conservations laws for such systems. It is only to illustrate in some detail, on one specific example of a clear physical significance, the general formalism we have developed for carrying out such analysis in generic non-local field theories.
A. Non-local theory
We consider a model given by a complex scalar field φ (t, x) and the non-local physical action
We can think of this system as describing the hydrodynamic approximation of an atomic fluid. The local part of this model is the usual non-relativistic kinetic term. The non-local part describes the instantaneous interaction of two atoms at distinct space points. The nature of the interaction is determined by the potential term V (x, y), which, for now, we leave unspecified except for the assumption that it vanishes sufficiently fast at infinity. The fields in such models are assumed to be normalized to the number of atoms in the location x. The density of such a continuous system is defined by the modulus square of the field ρ (t, x) = |φ (t, x) | 2 . The theory is local in time and non-local in space. The geometrical action is of the multi kernel type with the local and interaction part given by
The bundle structure of E can be represented as in Figure (1) , where the solid line denotes the base manifold and the dashed line refer to the fibers. Explicitly the geometric structure of this example is given by the pull back of two copies of the vector bundle E = M × C with the combinatorial function f . The base manifold M in this example is the product manifold of time and space coordinates M = R × R 3 . The fiber is a vector space of complex numbers C. And the combinatorial structure of the theory is given by the following function
In this way the full jet bundle writes as
where the under-brace denote the coordinate convention that we use for each of the spaces. In these coordinates the geometrical Lagrangians of S 1 and S 2 become
1. U (1) symmetry
We now consider the symmetry of the action under the phase rotation of the fields φ. The geometrical action is symmetric under the transformation c V ǫ (v) = e ıǫθ v and c Mǫ = 1. Its infinitesimal generator is given by
which is already in its characteristic form. The characteristic function Q is therefore Q = (ıαv, −ıαv * ). Using this it is immediate to notice that the non-local correction term ∆ 1 to the conservation law vanishes
We therefore obtain the continuity equation
where a priori one has an additional non-local contribution to the standard local one. However, since D J L nloc = 0 as well as X M = 0, the non-local currents vanish, J nloc = 0, leading to the standard conservation law
with the well-known conserved current
Alternatively inserting the coordinates u = φ(t, x) the continuity equation on-shell gets the usual form
where ∇ is the spatial gradient.
Translation invariance
If we assume that the potential V depends only on the distance between the points V (x, y) = V (|x − y|), the action also becomes translation invariant. That means that the geometrical action is invariant under a symmetry transformation with a vector field of the following form
The characteristic of the vector field has now two components
where we denote the scalar product between the 3-dimensional jet coordinate u x and ǫ ∈ R 3 with the dot. The Fréchet derivative is
The non-local correction term reads
By Corollary 3, it follows that
Observing the t, z divergence in the energy momentum tensor, we get
with the energy-momentum tensor of the non-local theory given by
By partial integration and again using the coordinates u = φ (t, x), we get
Note that, in the last equation, no boundary terms are present since they canceled by moving the gradient of the first term to the potential. Notice also that, if the potential V is a contact interaction, that is if V (x − y) = δ (x − y), the interaction term becomes local and the terms on the right-hand-side of Eq. (116) cancel each other, leading to a conserved energy-momentum tensor.
Defining the mean value as • t =´dx • ρ (t, x) , we can rewrite equation (117) as
which admits a nice physical interpretation. The divergence of the energy-momentum tensor is given by the mean force ∇ t,x V due to non-local interactions and the dilution force −∇ t,z ρ due to density fluctuations. Assuming a contact interaction, V (x, y) = δ (x − y), we obtain that the right-hand-side of the above equation cancels. In this case the mean force at a point has the same strength but the opposite direction as the dilution force. In the non-local case on the other hand the balance is broken since the fields at a distance induce an external mean field at each point turning the physical situation into that of a system in an external potential.
B. Additional note: underlying local theory
In this specific example, the non-local theory can be understood as an approximation of a local theory with additional degrees of freedom. We use this fact to give an interpretation for the additional terms in our generalised conservation law, as compared to the usual one. In fact, this is nothing else than a simpler case of the step from a theory of atoms interacting via a Coulomb potential to a description of the same atoms interacting via an electromagnetic field. Let us point out, however, that, on the one hand, we do not know if such rewriting of non-local field theories in terms of local ones is always possible, and that, on the other hand, our results concerning non-local theories do not rely on this possibility in any way.
We now present the local theory from which the above non-local emerges and show how the local, conserved currents relate to the non-local correction term. The Lagrangian of the local theory is given by
with an auxiliary real scalar field A. The equation of motion for A gives
which can be solved via the Green function
We get
Inserting the solution into the Lagrangian Eq.(119), we get
Calling
G (x, y) , we get a non-local action from the form of Eq. (97) plus a total divergence, which does not change the equations of motion. The two actions are therefore equivalent.
Since the local and the non-local action are equivalent, we can calculate the currents of the local model and compare them to the non-local case.
The U (1) current of the local action is the same as for the non-local case since the real field A does not change under the transformation φ → φ ǫ = c Eǫ • φ. The energy-momentum tensor, however, is now conserved but depends on A.
The A-dependent part of the energy-momentum tensor reads
where we have explicitly written the divergence in components, using greek letters to range over t, x 1 , x 2 , x 3 and latin indices to range only over the spatial part.
Using the notation ν = (t, j), we calculate the first term
where the first equation follows from partial integration and the Schwarz theorem, used to interchange the derivatives. Inserting Eq.(126) into Eq.(125), we get the divergence of the energy-momentum tensor in the local theory
The last term can be put into the form
which is the B = L nloc · X contribution to the energy momentum tensor. Rearranging the terms of Eq. (125) as follows we get
Compared to the generalised conservation law from the non-local theory, Eq.(117), stated here for convenience
we see that the non-local correction comes from the auxiliary field A and differs from a total divergence by an additional term
VI. WARD IDENTITIES FOR NON-LOCAL THEORIES
In quantum field theory the symmetries of the classical action help to simplify the relations between correlation functions for the quantum fields. These simplified relations are called Ward identities. In the following we will review (in a sketchy fashion) the derivation of Ward identities in the functional integral formalism [55] , and show that the classical results we derived above for non-local quantum field theories, imply relations between correlation functions just as in local quantum field theories.
The generating functional in Euclidean quantum field theories is defined in terms of the classical but possibly renormalized action S as follows
Perform a coordinate transformation φ →φ = φ + Q where Q is a characteristic of a symmetry vector field X of the classical action S. Since we integrate over all fields the generating functional does not change and so we get 
where the term Tr (D V Q) comes from the transformation of the functional measure. We also expanded the action to first order as S φ ≈ S (φ) + dS (X Q ). Expanding the exponential to first order of Q yields 
where we define
Using the notion of a functional average
• =ˆDφ e −S(φ)+´Jφ • .
Equations (133) implies
Due to lemma (3), which stated dS (X Q ) = −´Ω div (L · X M ), we obtain
The anomaly term tr (D V Q) comes from the transformation of the measure. If it does not vanish, the symmetries of the classical action do not imply a symmetry of the quantum effective action, and the symmetry is thus broken at the quantum level. Equation (139) defines the Ward identities.
Expanding the generating functional in powers of J Eq. (139) leads to the relation between coefficients of different powers of J, which correspond to different correlation functions.
So far, this statement is global, by which we mean that it depends on the whole domain Ω. However, we can use our approach to the theorem (2) to obtain a semi-local statement.
To do this, we multiply the characteristic Q of the symmetry vector field X Q by an arbitrary smooth function η that vanishes on the boundaries of U . Then, we perform the variation of the action in the direction of X Qη . Since the vector field ı N (X Qη ) vanishes on the boundaries of U the variation leads to the integral form of the Euler-Lagrange equations,
where η i denotes the smooth function η defined over the M i = pr i (f (M)). Using Eq.(75) this equation can be rewritten in terms of the Fréchet derivative as
Due to lemma (3), which related the symmetries and Fréchet derivatives, we can instead write
By the definition of the non-local correction term 
where GCL stays for the Generalised Conservation Law. Since the above equation holds for all smooth functions η on U . This leads to the modified local Ward identities Tr (D V Q) (z) − GCL (z) + JQ (z) = 0 .
VII. CONCLUSIONS
In this paper we have proposed a geometrical treatment of symmetries in non-local field theories, where the nonlocality is due to a lack of identification of field arguments in the action. We have shown that the existence of a symmetry of the action leads to a generalised conservation law, in which the usual conserved current acquires an additional non-local correction term, and thus obtained a generalization of the standard Noether theorem to such more exotic cases. We have illustrated the general formalism by discussing a specific physical example, in which this correction term can be interpreted as a dynamical external mean potential coming from the structure of the non-local field interaction.
Our analysis was focused on cases in which the geometrical Lagrangian is a function on the first jet bundle but we believe that an extension to higher jet bundles can be carried over from local theories without any complications. On the other hand, it is not clear whether the generalization to non-geometrical symmetries can be carried out in the same way as it is done in the local case. The major difficulty in this direction is the fact, that the total divergence on M can, in general, change the equations of motion leading to non-equivalent Lagrangians. A solution to this problem could lead to a full classification of (local) symmetries for non-local field theories.
We hope that our analysis and results will bring new insights in different areas of theoretical physics in which non-local field theories play a role, including condensed matter physics and cosmology. However, our main interest is the application of the above analysis to non-local models of quantum gravity, especially in the framework of group field theories (and thus, indirectly, of spin foam models and loop quantum gravity). The detailed analysis of known symmetries in group field theories and of their corresponding conservation laws is the subject of a follow-up paper. However, the interest of such analysis can already be envisaged. In particular, it will be important to develop the symmetry analysis of such models [50, 56] in a more systematic way and to use it to shed more light into their quantum geometric properties. The consequences of existing symmetries, encoded in the generalised Ward identities [57] [58] [59] , will also play an important role in the analysis of group field theory renormalization [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] . Finally, we expect symmetries and generalised conservation laws to be crucial for the further development and physical analysis of the effective cosmological dynamics extracted from group field theory models of quantum gravity [39] .
